A phenomenological theory of the loop-current and loop-spin-current phases is proposed. In order to investigate the stability of these phases, a Ginzburg-Landau-Wilson type action is constructed as a functional of the orbital magnetization. From the analysis of this action based on the Landau theory and momentum-shell one-loop renormalization group theory, it is found that the loop-current and loop-spin-current phases are stable if a certain interaction between the orbital magnetizations is sufficiently large. Moreover, these phases are likely to be stable in systems with large orbital susceptibility, for example, Dirac electron systems.
Orbital motions of itinerant electrons in condensed matter usually give rise to weak diamagnetism. As the magnetization from the localized spins, the magnetization from the orbital motions breaks the time-reversal symmetry and can be treated as an order parameter, which lowers the symmetry of the system. The loop-current phase is a quantum phase characterized by the orbital magnetization caused by a local electric current forming a loop.
This phase has been introduced in the studies of cuprates in order to understand the physical mechanism of pseudo gap phenomena. [1] [2] [3] [4] Like other phases emerging in cuprates, the loop-current phase is expected to be induced by Coulomb interactions. For instance, a theoretical study based on a threeband Hubbard model has shown that the loop-current phase is stable in some parameter region. 2 Furthermore, in the halffilled Hubbard model on a square lattice, a numerical study by the variational cluster approximation (VCA) 5 has indicated that this phase has metastable characters; the free energy of this phase is lower than that of the trivial phase, but higher than that of another ordered phase.
Interestingly, the topologically nontrivial states, such as the Chern insulators, 6 may have some relations to the loopcurrent phase. As Hofstadter has shown, 7 the single-particle spectrum of the non-interacting electron on a square lattice with the magnetic field perpendicular to the system has characteristic pattern which is often referred to as the Hofstadter butterfly. Calculating the Chern number C for each band in the butterfly, one obtains a nonvanishing value of C, which indicates the nontrivial topological character of the system. In these calculations, the effect of the magnetic filed is included as the Peierls phase, which forces itinerant electrons to make a circular motion on the average. Thus, the electronic states of the loop-current phase is expected to be similar to those in the butterfly.
Indeed, the numerical study based on the VCA on a honeycomb lattice 8 has shown that the loop-current phase induced by the Coulomb interaction has a nontrivial Chern number as expected. In this study, authors have also included another current phase called the loop-spin-current phase, which is characterized by the circulating flow of spins unaccompanied by charge currents. In the loop-spin-current phase on a honeycomb lattice, the system has a nontrivial Z 2 invariants, 9, 10 which assure different topological characters from those assured by a nontrivial Chern number. According to the topological field theory, 11, 12 the nontrivial Z 2 invariants mean the existence of the E · B term, which indicates that the system exhibits the magnetoelectric response.
As described above, the loop-current and loop-spin-current phases are related to recent hot topics in condensed matter physics. Nonetheless, general features of these phases are not known well. In particular, unified descriptions for the loopcurrent phases are required in order to find a criterion for the emergence of these phases. For these phases induced by an inter-site interaction, a unified picture is given by the meanfield analysis of the free energy. 13 However, this picture cannot be applied directly to the phases induced by a local interaction, such as the on-site Hubbard interaction, since loopcurrent orders do not emerge from a mean-field decoupling of the on-site interaction.
Consequently, we construct a simple phenomenological description for loop-current and loop-spin-current phases induced by a local interaction. Since orbital motions of itinerant electrons induce the orbital magnetization, we treat this magnetization as the order parameters. Furthermore, the spin degrees of freedom is introduced to the orbital magnetization in order to describe the loop-spin-current phase. A local interaction is included as couplings between the local orbital magnetization from up spin and that from down spin.
In this letter, we analyze the stability of the local orbital magnetization phenomenologically. From the analysis based on the Landau theory, we find that both the loop-current and the loop-spin-current phases emerge from the interaction between the orbital magnetizations. The momentum-shell renormalization group (RG) theory also shows that those phases are stable against sufficiently small spatial fluctuations. Moreover, it is shown that these phases are expected to emerge in systems with large orbital susceptibility.
Our analyses are based on the following time-reversal- 
symmetric Ginzburg-Landau-Wilson type action treating the orbital magnetization as the order parameters:
Here, φ σ (x) denotes the orbital magnetization from the electron at point x with spin σ, d is spatial dimension, and m, J, and u are the parameters; m represents the energy cost for generating magnetization, g is the quartic local interaction, and J is the bilinear local interaction between the magnetizations. For the thermodynamic stability, g should be positive. We assume that m is positive. In other words, we assume that generating the orbital magnetization requires the energy cost corresponding to the kinetic energy of the electron. As is well known, the positive m indicates the absence of the ordered phase in the isolated (J = 0) φ 4 -model. 14 At first, we analyse Eq. (1) within the Landau theory by ignoring the spatial dependence, i.e., φ σ (x) =φ σ . Minimizing the pseudo free energy, we obtain following simultaneous equations:
Equation (2) has five physical solutions and we classify them into three phases: trivial, loop current, and loop-spin current as shown in Table I . The trivial phase is characterized by the absence of the order parameters, i.e.,φ ↑ =φ ↓ = 0. Of course, this solution always exists.
The loop current phase is characterized by the finite total orbital magnetization, i.e.,φ ↑ +φ ↓ 0. The existence of the finite orbital magnetization also means the finite loop current. Then, we call this phase the loop current phase. As shown in Table I , the loop-current solutions exist when the condition J < −m is satisfied. This phase does not possess the timereversal symmetry, since the finite loop current breaks this symmetry.
In contrast, the loop-spin-current phase is symmetric under the time-reversal operation, which means the absence of the total orbital magnetization,φ ↑ +φ ↓ = 0. This condition can be achieved even in the system with the finite orbital magnetization if the orbital magnetization from up-spin electron and that from down-spin electron have opposite directions,φ ↑ = −φ ↓ 0. In this phase, the up-spin electrons and the down-spin electrons make opposite loop current, thus the electron current cancels out, and only the spin current remains. Thus, we call this phase the loop-spin-current phase. As shown in Table I , the loop-spin-current solutions exist if J > m.
Next, the effects of the spatial fluctuations are taken into considerations via the momentum-shell RG analysis. For this, we perform the Fourier transformation of Eq. (1), and define the scale transformation of the wavenumber k: k → k b . Here, b is a scale parameter. In this analysis, the momentum-shell integration are approximated as
Here, Λ is the cutoff momentum, S d is the surface area of a d-dimensional unit sphere. For convenience, we rescale and nondimensionalize the parameters in Eq. (1) as m/Λ 2 → m, J/Λ 2 → J, and
Since our one-loop level analysis is justified in the vicinity of the origin in the parameter space, these parameters should be regarded as sufficiently small.
Within one-loop perturbation, we obtain the following RG equations for dimensionless parameters up to quadratic order of small parameters:
Equations (4)- (6) 3 ), exist. In this analysis, we concentrate our attention on the flow around the trivial fixed point rather than that around the nontrivial one because m is assumed to be positive. In other words, our interest exists in the fate of the flow starting from the vicinity of the origin in the parameter space.
The existence of the ordered phase is determined whether renormalized parameters satisfy the existence condition shown in Table I . In order to simplify the relation between the existence condition and the renormalized parameters, we introduce following valuables:
With these valuables, the negative renormalized α(β) indicates the existence of the loop-current (loop-spin-current) phase as 
The RG equation for g is invariant under this transformation. In this representation, the condition m > 0 is identical to α + β > 0. In order to compare our phenomenological theory and the previous studies, we set d = 2 hereafter. (6)- (10) are valid for small parameters, we can discuss renormalization flows only in the vicinity of the Gauss fixed point. Consequently, in Figs. 2(a)-2(d) , a phase is determined by the renormalized parameters when they can be considered as small but sufficiently renormalized. Specifically, we consider parameters sufficiently renormalized when the absolute value of any renormalized parameter reaches the upper limit 0.5. When we change the upper limit value slightly, a phase diagram varies quantitatively but keeps its qualitative characters. Thus, we should discuss only qualitative aspects of these phase diagrams.
As seen in Figs. 2(a) and 2(b) , the loop-spin-current phase is stable for any negative β and sufficiently small g. This fact means that the loop-spin-current phase is stable against small amplitude spatial fluctuations from g-term. However, those figures also indicate that this phase become unstable for large g. In other words, the loop-spin-current phase is destabilized by too strong spatial fluctuations from g-term. From the behavior of the stability against spatial fluctuations, we see that there exists the critical strength of fluctuations for loop-spincurrent phase.
Figures 2(c) and 2(d) indicate that large α makes the phase more stable against fluctuations from g-term while increase the renormalized value of β. In short, increasing α, which is equivalent to increasing m and J, results in both positive and negative effects on the stability of the loop-spin-current phase. In contrast, as shown in Figs. 2(b) and 2(d) , decreasing β, which means decreasing m and increasing J, gives only positive effects on the stability. Thus, small m and large J make the loop-spin-current phase more stable. Since Eqs. (6)- (10) are invariant under the exchange of the parameters α and β, the above results are also obtained in the negative α region, which corresponds to the loop-current phase.
We consider that our analysis is not very reliable quantitatively but succeeds in describing the physics of the loopcurrent and loop-spin-current phases qualitatively. As is well known, the perturbative momentum-shell RG approach for the φ 4 -model gives quantitatively reliable results when the spatial dimension d is close to 4. 14 For our model represented in Eq. (1), the g-term become relevant in d < 4 like the φ 4 -model. Thus, the same statement can be applied to our model, and the results derived from this analysis are expected to inaccurate quantitatively since we set d = 2. In qualitative aspects, however, the results we obtain share common features with previous studies. According to the numerical study for the loop-current phase on a half-filled square lattice, 5 this phase has been metastable for small Hubbard interaction U and become unstable for sufficiently large U. Furthermore, the theoretical study based on a strong-coupling approach 15 has indicate the absence of the loop-current phase in the Hubbard model on cuprates. Since the loop-current phase is unstable against too strong fluctuations of the order parameter, it can be thought that strong quantum fluctuations destabilize the loop-current phase in these studies based on the Hubbard model. Although the fluctuations in our analysis are not the quantum one, our analysis and those quantum theories can be thought as describing similar physics in a perspective of the fluctuation effects on the loop-current phase.
As described above, our simple theory is intrinsically classical and cannot describe the quantum fluctuations such as the Nambu-Goldstone mode. This limitation reflects the artificial symmetry for the permutation of the parameters α and β on Eqs. (9) and (10) . As discussed in Ref. 16 , the loop-current and loop-spin-current phases have different energy because of the difference of the symmetries those phases break. In short, the loop-current phase breaks the discrete time-reversal symmetry, while the loop-spin-current phase breaks the continuous rotational symmetry in spin space. Consequently, the Nambu-Goldstone mode exists only in the loop-spin-current phase, and its zero point vibration lowers the energy of the system. Therefore, the loop-current phase and the loop-spincurrent phase are not symmetric when the effects of the quantum fluctuations are included.
For satisfying the condition listed in Table I and stabilizing loop-current phases, it is desirable that the energy cost m should be small. If the energy cost for generating the magnetization is small, itinerant electrons respond strongly to the external magnetic field. Thus, the small m corresponds to the large orbital susceptibility. Such large orbital susceptibility can be seen in the system with linear dispersion. 17 If the Fermi level lies at the Dirac point in two dimensions, the orbital susceptibility diverges diamagnetically in the clean limit and at zero-temperature. With such large orbital susceptibility, the loop-current or loop-spin-current phase emerges for arbitrary small |J|. Indeed, the numerical calculation on a halffilled honeycomb lattice, 8 where the Fermi level lies at the Dirac point, has shown the existence of the loop-spin-current phase within the VCA. Therefore, the loop-current or loopspin-current phase may be seen universally in the system with the linear dispersion as long as the Fermi level is sufficiently close to the Dirac point.
On the other hand, relationship between the macroscopic interaction parameter J and microscopic interactions is not clear. In order to see this relationship, we have to obtain the phenomenological Hamiltonian from a specific microscopic one as done in the Ginzburg-Landau theory of superconductors. However, a microscopic description for the orbital magnetization in periodic non-interacting systems is obtained only recently, [18] [19] [20] and a description for periodic interacting systems is proposed only within the specific theoretical frameworks. 20, 21 Consequently, it is quite difficult to relate the parameter J and microscopic interactions in periodic systems at present. Since the orbital magnetization in microscopic systems is not understood sufficiently, unveiling the relation between macroscopic and microscopic parameters are left for future work.
In conclusion, we have constructed a simple phenomenological theory for describing the loop-current and loopspin-curent phases, and found these phases are stabilized if the interaction between the orbital magnetizations is sufficiently strong. Analyzing the phenomenological action via the momentum-shell RG theory, it has been shown that the phases are stable against the sufficiently small spatial fluctuations. These loop-current and loop-spin-current phases are expected to be seen in systems with linear dispersion, where the orbital susceptibility can diverge diamagnetically.
